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In this paper, a new concept, k-plex orthogonality of Latin squares, is introduced.
It generalizes the concept of orthogonality of Latin squares. Some examples of Latin
squares with the new orthogonality are given. Bose, Shrikhande, and Parker’s Theorem is
generalized to the case of k-plex orthogonality for every positive integer k while Mann’s
Theorem is extended to the case of k-plex orthogonality for every positive odd integer k.
Some other existence or nonexistence theorems are given. We also discuss constructions
for k-plex orthogonal Latin squares and generalize MacNeish’s Theorem.
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1. Introduction
In this paper, when a letter denotes an integer, we always assume that it is positive unless otherwise stated. If S is a
set of n symbols, a Latin square of order n, based on the set S, is an n × n matrix in which each row and each column is a
permutation of the set S. A Latin subsquare of order s in a Latin square L of order n is a square submatrix, of L, of order s such
that the submatrix itself is a Latin square. A transversal of a Latin square of order n is a set of n cells, one from each row and
one from each column, which contains each symbol exactly once. A k-plex of a Latin square of order n is a set of nk cells, k
from each row and k from each column, which contains each symbol exactly k times. Let T be a set of cells of a Latin square
L. Then T is a transversal of L if and only if T is a 1-plex of L. So, a k-plex is a generalized transversal. Two Latin squares
A = [aij] and B = [bij] of order n are called orthogonal if the n2 ordered pairs (aij, bij) (i, j = 1, 2, . . . , n) are all different.
When n is even, two Latin squares A = [aij] and B = [bij] of order n, both based on the set S = {0, 1, 2, . . . , n−1}, are called
nearly orthogonal if in the superposition of A and B, which is defined to be the n by n matrix P = (aij, bij), every ordered
pair (l,m), where l,m = 0, 1, 2, . . . , n− 1, appears exactly once except that when l = m, the ordered pair appears 0 times,
and when l − m ≡ n2 (mod n), the ordered pair appears 2 times. For more information about k-plexes, refer to Dénes and
Keedwell [5], and Wanless [15–17]. For nearly orthogonal Latin squares, see [14,8].
In Section 2 of this paper, we generalize the concept of orthogonality of Latin squares to k-plex orthogonality. Some
examples of Latin squares with the new orthogonality are given. Bose, Shrikhande, and Parker’s Theorem is generalized
in Theorem 2.12. In Section 3, Mann’s Theorem is extended in Theorem 3.2. In Section 4, Latin squares of q-step type are
discussed, and a nonexistence theorem is given. In Section 5,we give some constructions for k-plex orthogonal Latin squares,
and MacNeish’s Theorem is generalized.
In the literature, there is a vast study of orthogonal Latin squares and k-plexes (sometimes under other names) of Latin
squares. There are also papers on nearly orthogonal Latin squares. However, this paper is the first one in which the k-plex
orthogonality (for any positive integer k) of Latin squares is defined and discussed.
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2. k-plex orthogonality
Let k and n be two integers and k | n. A partitionP of a set S of n elements is called a k-block partition if each block of
the partition has k elements.
Definition 2.1. Let L1 and L2 be two Latin squares of order n, based on sets S1 and S2 respectively, and let k | n. Then L1 and
L2 are called k-plex partition orthogonal, or simply k-plex orthogonal, if the following two conditions are satisfied:
(1) there is a k-block partition of S1 such that for each block B of the partition, the nk cells in L2 where L1 has entries in B
form a k-plex of L2; and
(2) there is a k-block partition of S2 such that for each block B of the partition, the nk cells in L1 where L2 has entries in B
form a k-plex of L1.
Please note that we cannot use the name k-orthogonality for k-plex orthogonality because k-orthogonality has been used
in another sense (see [5, p. 171]).
Latin squares L1 and L2 of the same order are orthogonal if and only if they are 1-plex orthogonal. So, the concept of
orthogonality of Latin squares is generalized. In addition, any two Latin squares of order n are n-plex orthogonal.
Let t be an integer. Latin squares A1, A2, . . . , At of the same order are called mutually k-plex orthogonal Latin squares if,
whenever 1 ≤ i < j ≤ t , Ai and Aj are k-plex orthogonal. The k-plex orthogonality of a list of Latin squares is not affected if
symbols in any one square in the list are renamed, or if the same permutation of rows (or columns) is made in all the squares
in the list simultaneously.
If Latin squares L1 and L2 are k-plex orthogonal, we say that they are k-plex orthogonal mates of each other.
By Definition 2.1, we have:
Theorem 2.2. If a Latin square L of order n has a k-plex orthogonal mate, then L has nk disjoint k-plexes.
Example 2.3. Two Latin squares0 1 2 31 2 3 03 0 1 2
2 3 0 1
 and
1 2 3 03 0 1 22 3 0 1
0 1 2 3

are nearly orthogonal. They are 2-plex orthogonal with respect to the partitionP = {{0, 2}, {1, 3}} of the set {0, 1, 2, 3}.
Later on, in the proof of Theorem2.12,wewill give an example of two Latin squares of order 6which are 3-plex orthogonal
with respect to two distinct partitions of the symbol set. In fact, since we would like the concept of k-plex orthogonality to
have the property that renaming symbols in any one square in a list of mutually k-plex orthogonal Latin squares does not
affect the k-plex orthogonality of the list, we need to allow that in Definition 2.1 the partition in Condition (1) can be different
from the one in Condition (2).
The result given in Example 2.3 can be extended to:
Lemma 2.4. If n is even, then any two nearly orthogonal Latin squares of order n are 2-plex orthogonal.
Proof. Let n = 2m, where m is an integer. As in Example 2.3, we just need to choose the 2-block partition P of the set
S = {0, 1, 2, . . . , n− 1} such that two integers in S are in the same block ofP if and only if their difference ism. Then the
lemma follows. 
Moreover, any two nearly orthogonal Latin squares of order n are also 2s-plex orthogonal for any integer s such that
2s | n. In fact, we have:
Theorem 2.5. Any two Latin squares of order n which are k-plex orthogonal are also ks-plex orthogonal for any integer s such
that ks | n.
Proof. It follows from the fact that s disjoint k-plexes of a Latin square L together form a ks-plex of L. 
Raghavarao et al. [14], Pasles [13, pp. 67–70], and Li and van Rees [8] proved the following theorem in different ways:
Theorem 2.6 (Raghavarao et al. [14]). For any even integer n, there exists a pair of nearly orthogonal Latin squares of order n.
So, by Lemma 2.4 and Theorem 2.5, we have:
Theorem 2.7. For any even integers k and n, if k | n, then there exists a pair of k-plex orthogonal Latin squares of order n.
3070 M. Liang / Discrete Mathematics 312 (2012) 3068–3075
Example 2.8. Let the set S be {0, 1, 2, . . . , n− 1}. The back circulant Latin square Zn = [lij] of order n based on S is the one
such that lij = i+ j mod n (i, j = 0, 1, 2, . . . , n− 1):
Zn =

0 1 2 · · · n− 2 n− 1
1 2 3 · · · n− 1 0
2 3 4 · · · 0 1
...
...
...
. . .
...
...
n− 2 n− 1 0 · · · n− 4 n− 3
n− 1 0 1 · · · n− 3 n− 2

.
It corresponds to the group table of the cyclic group Zn under addition. We know that when n is even the back circulant
Latin square Zn does not have an orthogonal mate. In fact, when n is even Zn does not even have a transversal (e.g., see [7]).
However, when n is even Zn has a 2-plex orthogonal mate. The forward circulant Latin square Cn = [mij] of order n based on
S is the Latin square such thatmij = j− i mod n (i, j = 0, 1, 2, . . . , n− 1):
Cn =

0 1 2 · · · n− 2 n− 1
n− 1 0 1 · · · n− 3 n− 2
n− 2 n− 1 0 · · · n− 4 n− 3
...
...
...
. . .
...
...
2 3 4 · · · 0 1
1 2 3 · · · n− 1 0

.
In the next theorem we will show that Zn has Cn as a 2-plex orthogonal mate when n is even.
Theorem 2.9. Let n be an even integer and let the set S be {0, 1, 2, . . . , n−1}. The back circulant Latin square Zn and the forward
circulant Latin square Cn of order n based on S are 2-plex orthogonal.
Proof. Choose a 2-block partitionP of the set S such that each block ofP contains two integers of S, one even and one odd.
Then it is easy to check that Zn and Cn are 2-plex orthogonal. 
Actually, by Theorem 2.5, Zn and Cn are 2s-plex orthogonal for any integer s such that 2s | n. This gives another proof for
Theorem 2.7.
Now, we would like to address a little bit more about Definition 2.1. When k = 1, we know that Conditions (1) and (2) in
Definition 2.1 are equivalent. However, when k > 1, if one of those two conditions in Definition 2.1 is satisfied, it does not
necessarily mean that the other condition is also satisfied, as shown in the following example:
Example 2.10. Let
L1 =

1∗ 2∗ 3 4 5∗ 6
2 3∗ 6 1∗ 4 5∗
3∗ 6∗ 2 5 1 4∗
4∗ 5 1∗ 2 6∗ 3
5 1 4∗ 6∗ 3 2∗
6 4 5∗ 3∗ 2∗ 1

and L2 =

1 2 3 4 5 6
3 5 4 2 6 1
5 1 6 3 4 2
2 4 5 6 1 3
4 6 2 1 3 5
6 3 1 5 2 4

.
Then L1 and L2 are both Latin squares of order 6 based on the set S = {1, 2, 3, 4, 5, 6}. In L1, the marked entries form a
3-plex while the other entries also form a 3-plex. Let the partition of S beP = {{1, 2, 5}, {3, 4, 6}}. Note that entries of L2
which are in the first block ofP are in boldface. Then clearly Condition (2) in Definition 2.1 is satisfied. However, there is
no partition satisfying Condition (1) in Definition 2.1. To prove it, for each i = 1, 2, . . . , 6, we use Ti to denote the set of all
cells which have i as the entry in L1. Then in L2 the number of cells of Ti (i = 1, 2, . . . , 6) which have j (j = 1, 2, . . . , 6) as
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the entry is given by the following table:
T1 T2 T3 T4 T5 T6
1 1 0 0 0 2 3
2 1 2 0 3 0 0
3 0 1 3 1 1 0
4 2 0 0 1 2 1
5 1 1 3 0 1 0
6 1 2 0 1 0 2
It is straightforward to see that no matter how the elements of S are partitioned into two 3-blocks, Condition (1) in
Definition 2.1 cannot be satisfied.
In 1960, Bose et al. [1] proved the following theorem (also see [5, p. 134], and [9, p. 124] respectively), which is called
Bose, Shrikhande, and Parker’s Theorem. It resolved the famous Euler’s Conjecture made in 1782.
Theorem 2.11 (Bose et al. [1]). For any integer n ≠ 2, 6, there exists a pair of orthogonal Latin squares of order n.
For the case of k-plex orthogonality, we have:
Theorem 2.12. For any integers k and n, where k | n, there exists a pair of k-plex orthogonal Latin squares of order n except
when n = 2 or 6 and k = 1.
Proof. By Theorems 2.11 and 2.5, when n ≠ 2, 6, it holds. So, we just need to prove it is true when n = 2 or 6. When
n = k = 2 or n = k = 6, it is obvious. When n = 6 and k = 2, it holds according to Theorem 2.7. So, we only have one case
left: n = 6 and k = 3. When n = 6 and k = 3, let
L1 =

1∗ 2∗ 3 4 5∗ 6
2 3∗ 6 1∗ 4 5∗
3∗ 6∗ 2 5 1 4∗
4∗ 5 1∗ 2 6∗ 3
5 1 4∗ 6∗ 3 2∗
6 4 5∗ 3∗ 2∗ 1

and
L2 =

1∗ 2 3 4 5∗ 6∗
3 1 4∗ 2∗ 6 5∗
2 5∗ 6 3∗ 4∗ 1
5 3∗ 1∗ 6 2∗ 4
4∗ 6∗ 5 1∗ 3 2
6∗ 4 2∗ 5 1 3∗

.
Then L1 and L2 are both Latin squares of order 6 based on the set S = {1, 2, 3, 4, 5, 6}. In each of L1 and L2, the marked
entries form a 3-plex while the other entries form another 3-plex. Let partitions of S be P = {{1, 5, 6}, {2, 3, 4}} and
Q = {{1, 2, 5}, {3, 4, 6}} respectively. Note that entries of L1 or L2 which are in the first block of P or Q respectively are
in boldface. Then it is easy to check that both Conditions (1) and (2) in Definition 2.1 are satisfied with respect toP and Q
respectively. So, L1 and L2 are 3-plex orthogonal Latin squares of order 6.
We have gone through all cases, and so the theorem follows. 
In a personal communication in 2011, Wanless mentioned that there was a nice comparison between Theorem 2.3 in [6]
and the above Theorem 2.12.
3. A generalization of Mann’s Theorem
In 1944, Mann [11] proved the following theorem, which is called Mann’s Theorem (see, e.g., [12]). It is also listed as
Theorem 12.3.2(a) in [4] with a better-written proof. Mann’s Theorem is one of the most significant theorems in the theory
of Latin squares.
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Theorem 3.1 (Mann [11]). Let L be a Latin square of order 4n + 2 on the set S = {1, 2, . . . , 4n + 2}. If L contains
a (2n + 1) × (2n + 1) submatrix A such that the number of its cells which contain elements different from the elements
1, 2, . . . , 2n+ 1 is less than n+ 1, then L does not have an orthogonal mate.
The following theorem generalizes the above Mann’s Theorem, and includes it as the special case when k = 1. Our proof
below is based on but different from the one of Theorem 12.3.2(a) in [4].
Theorem 3.2. Let k be an odd integer such that k | 4n + 2, and let L be a Latin square of order 4n + 2 on the set
S = {1, 2, . . . , 4n + 2}. If L contains a (2n + 1) × (2n + 1) submatrix A such that the number of its cells which contain
elements different from the elements 1, 2, . . . , 2n+1 is less than or equal to  nk, then L does not have a k-plex orthogonal mate.
Proof. Without loss of generality, we may assume that the submatrix A is at the upper left corner of L. Let the other parts
of L be B, C , and D respectively as shown below:
L =

A B
C D

,
where A, B, C , and D are all (2n+ 1)× (2n+ 1) submatrices.
Let S0 be {1, 2, . . . , 2n+1}, and S1 be {2n+2, 2n+3, . . . , 4n+2} respectively. Let the number of the cells in A containing
entries in S1 be s (s ≥ 0). Then, by assumption, s ≤
 n
k

. Call cells in A or Dwhose entries are in S1 and cells in B or C whose
entries are in S0 foreign cells, with respect to A,D, B, or C respectively, of L. Then A has s foreign cells. Since A and B together
have (2n + 1)(4n + 2) cells, and all symbols appear in the first 2n + 1 rows of L (2n + 1)(4n + 2) times in total, we have
that B (and also C by the same argument) has s foreign cells, too. For the same reason, since B has s foreign cells, D also has s
foreign cells. So, there are 4s foreign cells in four parts of L in total. Assume that L has a k-plex orthogonal mate. Then, by
Theorem 2.2, L has 4n+2k disjoint k-plexes. Each of 4s foreign cells must be in some k-plex so there are at most 4s k-plexes
which contain a foreign cell, and hence at least 4n+2k − 4s k-plexes which do not.
Since
n
k
≥
n
k

≥ s,
we have
4n ≥ 4ks.
So,
4n+ 2 > 4ks.
It follows that
4n+ 2− 4ks > 0.
Therefore,
4n+ 2
k
− 4s > 0.
Consequently, L has at least one k-plex, say the k-plex P , which contains no foreign cells. So, P has (2n + 1)k of its cells
containing all occurrences of the elements 1, 2, . . . , 2n + 1 among the cells in A or D, and has no other cells in A or D.
Hence, P contains exactly (2n + 1)k cells in A ∪ D. Let P have u, v, and u∗ cells in A, B, and D respectively. Then we have
u+u∗ = (2n+1)k. Since the k-plex P contains k cells in each of the first 2n+1 rows, and in each of the last 2n+1 columns
of L, we also have u+ v = (2n+ 1)k, and u∗+ v = (2n+ 1)k. So, u = u∗. Consequently, 2u = (2n+ 1)k, which contradicts
the assumption that k is odd. Therefore, L does not have a k-plex orthogonal mate. 
The following corollary is more general than Corollary 2 in [11].
Corollary 3.3. Let k be an odd integer such that k | 4n + 2, and let L be a Latin square of order 4n + 2 which contains a Latin
subsquare of order 2n+ 1. Then L does not have a k-plex orthogonal mate.
Since we can always construct a Latin square of order 4n+ 2 which contains a Latin subsquare of order 2n+ 1, we also
have:
Corollary 3.4. Let k be an odd integer such that k | 4n+ 2. There is a Latin square of order 4n+ 2which does not have a k-plex
orthogonal mate.
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4. Latin squares of q-step type
We say that a Latin square L of ordermq is of q-step type if it can be represented by amatrix of q×q blocks A(t)ij as follows:
A(1)11 A
(2)
12 A
(3)
13 · · · A(m)1m
A(2)21 A
(3)
22 A
(4)
23 · · · A(1)2m
A(3)31 A
(4)
32 A
(5)
33 · · · A(2)3m
...
...
...
. . .
...
A(m)m1 A
(1)
m2 A
(2)
m3 · · · A(m−1)mm
 ,
where, for each fixed choice of t , the A(t)ij ’s are all Latin subsquares of order q based on the same set of q symbols.
For example,
0 1 2 3 4 5
1 0 3 2 5 4
2 3 5 4 0 1
3 2 4 5 1 0
4 5 1 0 3 2
5 4 0 1 2 3
 and

0 1 2 3 4 5
1 2 0 5 3 4
2 0 1 4 5 3
3 5 4 2 0 1
4 3 5 1 2 0
5 4 3 0 1 2

are Latin squares of 2-step type and 3-step type respectively.
In 2002, Wanless [15] obtained the following theorem:
Theorem 4.1 (Wanless [15]). Suppose that q and k are odd integers, and m is even. No q-step type Latin square of order mq
possesses a k-plex.
Thus, by Theorems 4.1 and 2.2, we have:
Theorem 4.2. Suppose that q and k are odd integers, m is even, and k | mq. No q-step type Latin square of order mq has a k-plex
orthogonal mate.
So, Corollary 3.4 can be extended to:
Theorem 4.3. Let k be odd, n be even, and k | n. Then there exists a Latin square of order nwhich does not have a k-plex orthogonal
mate.
Proof. In Theorem 4.2, let q = 1 and n = m; then the theorem follows. 
5. Constructions
Theorem 5.1. Assume that A1 and B1 are k-plex orthogonal Latin squares of order n based on an n-set S1, and A2 and B2 are
k-plex orthogonal Latin squares of order n based on an n-set S2. By renaming symbols in S2 if necessary, we may assume that
S1 ∩ S2 = ∅. Then
L1 =

A1 A2
A2 A1

and L2 =

B1 B2
B2 B1

are 2k-plex orthogonal Latin squares of order 2n.
Proof. Since we may assume that S1 ∩ S2 = ∅, both L1 and L2 are Latin squares of order 2n based on the set S1 ∪ S2. Since A1
and B1 are k-plex orthogonal, there is a k-block partitionP = {P1, P2, . . . , Pr} of S1, where r = nk , such that for each block
Pi ∈ P , the nk cells in B1 where A1 has entries in Pi form a k-plex of B1. Similarly, since A2 and B2 are k-plex orthogonal, there
is a k-block partitionQ = {Q1,Q2, . . . ,Qr} of S2 such that for each block Qi ∈ Q, the nk cells in B2 where A2 has entries in Qi
form a k-plex of B2. LetR = {P1 ∪Q1, P2 ∪Q2, . . . , Pr ∪Qr}. ThenR is a 2k-block partition of S1 ∪ S2. It is easy to check that,
for the Latin squares L1 and L2, Condition (1) in Definition 2.1 is satisfied with respect to the partition R. By the symmetry,
Condition (2) in Definition 2.1 is also satisfied. Thus, L1 and L2 are 2k-plex orthogonal. 
Let L be a Latin square of order m based on the set S = {1, 2, . . . ,m}. For each i = 1, 2, . . . ,m, let Ai be a Latin square
of order n based on an n-set Si. We use L(A1,A2, . . . ,Am) to denote the square matrix of order mn obtained from L by
replacing each entry i, where i = 1, 2, . . . ,m, in L with Ai. For each i (i = 1, 2, . . . ,m − 1), by renaming symbols in
Sj (j = i + 1, i + 2, . . . ,m) if necessary, we may assume that Si ∩ Sj = ∅. Then clearly we have that L(A1, A2, . . . , Am) is a
Latin square of ordermn.
Using the same idea as in Theorem 5.1, we have:
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Corollary 5.2. Let L be a Latin square of order m based on the set S = {1, 2, . . . ,m}. Assume that Ai and Bi are k-plex orthogonal
Latin squares of order n based on an n-set Si, where i = 1, 2, . . . ,m. For each i (i = 1, 2, . . . ,m− 1), by renaming symbols in
Sj (j = i + 1, i + 2, . . . ,m) if necessary, we may assume that Si ∩ Sj = ∅. Then L(A1, A2, . . . , Am) and L(B1, B2, . . . , Bm) are
mk-plex orthogonal Latin squares of order mn.
Theorem 5.1 and Corollary 5.2 still hold if just one pair, instead of two pairs orm pairs respectively, of k-plex orthogonal
Latin squares of order n, A1 and B1, is given, since we can let A2 = A1 and B2 = B1 in Theorem 5.1, and let Ai = A1 and
Bi = B1 (for each i = 2, 3, . . . ,m) in Corollary 5.2 respectively.
Assume that A = [aij] and B = [bij] are two Latin squares of order m and n on an m-set S1 and an n-set S2 respectively.
The direct product A

B is defined to be the square matrix of ordermn obtained from A by replacing each entry aij with the
n× n block
(aij, B) =

(aij, b11) (aij, b12) (aij, b13) · · · (aij, b1n)
(aij, b21) (aij, b22) (aij, b23) · · · (aij, b2n)
(aij, b31) (aij, b32) (aij, b33) · · · (aij, b3n)
...
...
...
. . .
...
(aij, bn1) (aij, bn2) (aij, bn3) · · · (aij, bnn)
 .
Obviously, A

B is a Latin square of ordermn on the set S1 × S2 = {(r, s) | r ∈ S1 and s ∈ S2}.
In 1922,MacNeish [10] obtained (but did not explicitly formulate) the following theorem. Itwas also included as Theorem
8.4.4 in [2].
Theorem 5.3 (MacNeish [10]). Assume that A1 and A2 are orthogonal Latin squares of order m, and B1 and B2 are orthogonal
Latin squares of order n. Then the direct products A1

B1 and A2

B2 are orthogonal Latin squares of order mn.
Theorem 5.3 can be generalized to:
Theorem 5.4. Assume that A1 and A2 are k1-plex orthogonal Latin squares of order m, and B1 and B2 are k2-plex orthogonal Latin
squares of order n. Then the direct products A1

B1 and A2

B2 are k1k2-plex orthogonal Latin squares of order mn.
Proof. Suppose that Latin squares A1 and A2 are based on the m-set S1 while Latin squares B1 and B2 are based on the n-
set S2. Then, by what we described right after we introduced the concept of the direct product of two Latin squares, both
A1

B1 and A2

B2 are Latin squares of order mn based on the set S1 × S2. Since A1 and A2 are k1-plex orthogonal, there
is a k1-block partition P1 of S1 such that for each block P ∈ P1, the mk1 cells in A2 where A1 has entries in P form a k1-
plex of A2. Similarly, since B1 and B2 are k2-plex orthogonal, there is a k2-block partition Q of S2 such that for each block
Q ∈ Q, the nk2 cells in B2 where B1 has entries in Q form a k2-plex of B2. Let (P,Q ) = {(r, s) | r ∈ P and s ∈ Q }, and
let R = {(P,Q ) | P ∈ P and Q ∈ Q}. Then R is a k1k2-block partition of S1 × S2. Thus, for any (P,Q ) ∈ R, where
P ∈ P and Q ∈ Q, themnk1k2 cells in A2 B2 on which A1 B1 has entries in (P,Q ) form a k1k2-plex of A2 B2. Hence,
for the Latin squares A1

B1 and A2

B2, Condition (1) in Definition 2.1 is satisfied. By the same reasoning, we can prove
that Condition (2) in Definition 2.1 is also satisfied. Therefore, A1

B1 and A2

B2 are k1k2-plex orthogonal. 
In 2009, Bryant et al. [3] obtained their Lemma 4.2 for k-plexes and partitions of Latin squares. While it is similar to
Theorem 5.4 above, Theorem 5.4 applies to k-plex orthogonality, which is not covered by their Lemma 4.2. In addition,
Theorem 5.4 generalizes MacNeish’s Theorem.
Theorem 5.4 can be extended to:
Corollary 5.5. Let t be an integer. Assume that A1, A2, . . . , At are t mutually k1-plex orthogonal Latin squares of
order m, and B1, B2, . . . , Bt are t mutually k2-plex orthogonal Latin squares of order n. Then the direct products
A1

B1, A2

B2, . . . , At

Bt are t mutually k1k2-plex orthogonal Latin squares of order mn.
There exists a set of t mutually nearly orthogonal Latin squares for some t ’s where t > 2 (e.g., see [8]). It is easy to see
that Latin squares in such a set are mutually 2-plex orthogonal.
In addition, we have:
Corollary 5.6. Let t be an integer (t ≥ 2). If there exist t mutually orthogonal Latin squares of order m, then, for any integer
n ≥ 2, there exist t mutually n-plex orthogonal Latin squares of order mn, which are not mutually orthogonal.
Proof. Assume that A1, A2, . . . , At are t mutually orthogonal Latin squares of order m, and B1, B2, . . . , Bt are any t Latin
squares of order n which are not mutually orthogonal, where some or even all Bi’s can be the same. Since any two Latin
squares of order n are n-plex orthogonal, by Corollary 5.5, the direct products A1

B1, A2

B2, . . . , At

Bt are t mutually
n-plex orthogonal Latin squares of order mn. Since B1, B2, . . . , Bt are not mutually orthogonal, without loss of generality,
we can assume that B1 = [bij] and B2 = [b′ij] are not orthogonal, and the pair (b11, b′11) appears at least twice in the
superposition of B1 and B2. Let A1 = [aij] and A2 = [a′ij]. Then the pair ((aij, b11), (a′ij, b′11)) appears at least twice in the
superposition of A1

B1 and A2

B2 for any i and j. So, A1

B1 and A2

B2 are not orthogonal, and thus the t direct
products A1

B1, A2

B2, . . . , At

Bt are not mutually orthogonal. 
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One can discuss other results related to the orthogonality of Latin squares for the case of k-plex orthogonality. It would
be interesting to explore more constructions of k-plex orthogonal Latin squares, and to investigate the relations between
k-plex orthogonal Latin squares and other structures.
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